The problem of 2-coloring uniform hypergraphs has been extensively studied over the last few decades. An n-uniform hypergraph is not 2-colorable if its vertices can't be colored with two colors, Red and Blue, such that every hyperedge contains Red as well as Blue vertices. The least possible number of hyperedges in an n-uniform hypergraph which is not 2-colorable is denoted by m(n). In this paper, we consider the problem of finding an upper bound on m(n) for small values of n. We provide constructions which improve the existing results for some such values of n. We obtain the first improvement in the case of n = 8.
n n/2 /2 + n · m(n − 2). We discuss these two constructions in Section 2. Exoo [4] tried to improve the upper bounds on m(n) for small values of n using computer programs. However, his constructions did not improve any of the known upper bounds obtained from the recurrences mentioned above [6] .
Our contribution
In Section 3, we provide a construction that improves the currently best known upper bounds on m(n) for some small values of n, starting from n = 13.
Result 1.
We provide a construction which shows that m(n) ≤ (n + 1) · 2 n−2 + (n − 1) · m(n − 2) when n is odd, and m(n) ≤ (n + 1) · 2 n−2 + n n/2 /2 + (n − 1) · m(n − 2) + n−2 (n−2)/2 when n is even.
However, in Section 4, we provide another construction that improves the construction given in Section 3 for all values of n.
Result 2.
We provide a construction which shows that m(n) ≤ (n + 4) · 2 n−3 + (n − 2) · m(n − 2) when n is odd, and m(n) ≤ (n + 4) · 2 n−3 + n · n−2 (n−2)/2 /2 + n n/2 /2 + (n − 2) · m(n − 2) when n is even.
Using this recurrence relation, the first improvement is obtained when n = 11. We show that m(11) ≤ 25449, which improves the currently best known bound m(11) ≤ 27435.
In Section 5, we provide a construction for n = 8 that improves the currently best known bound m(8) ≤ 1339. 2 The construction of Abbott and Hanson [1] , and Toft [11] In this section, we discuss the construction made by Abbott and Hanson [1] , which was further improved upon by Toft [11] . In fact, Abbott and Hanson's [1] construction is good for odd values of n, while Toft [11] improved their construction for even values of n. Now let us discuss their construction in detail. 1 For a given n ≥ 3, let us consider an (n − 2)-uniform hypergraph producing the best known upper bound for m(n − 2). We denote this hypergraph as a core hypergraph. Let m n−2 be the number of hyperedges present in this core hypergraph C = (X, Y ). The set of hyperedges is denoted by Y = {e 1 , e 2 , e 3 , . . . , e m n−2 }, where e i is the i th hyperedge in the core hypergraph C. Let U = {u 1 , u 2 , u 3 , . . . , u n } and V = {v 1 , v 2 , v 3 , . . . , v n } denote two disjoint set of vertices, each of them disjoint from X, the set of vertices in the core hypergraph C. For each 1 ≤ i ≤ n, we call u i and v i to be a pair of matching vertices.
Let us now define the construction of the non-2-colorable n-uniform hypergraph H. The vertex set of this hypergraph is X ∪ U ∪ V , and the following hyperedges are present in H:
(ii) U (iii) U K ∪V K for every K such that |K| is odd, and 1 ≤ |K| ≤ ⌊n/2⌋. (iv) V K ∪Ū K for every K such that |K| is even, and 2 ≤ |K| ≤ ⌊n/2⌋.
Note that the total number of hyperedges in this hypergraph is
When n is odd, this shows that m(n) ≤ 2 n−1 + n · m(n − 2). When n is even, this shows that m(n) ≤ 2 n−1 + n n/2 /2 + n · m(n − 2). In Table 1 , we show the upper bound on m(n) for some small values of n using the currently best known constructions for small n. In the following section, we provide a better construction which improves the upper bound of m(n) for small values of n.
The first improvement over the constructions in Section 2
For a given n ≥ 3, let us consider an (n − 2)-uniform hypergraph producing the best known upper bound for m(n − 2). Note that this hypergraph is the core hypergraph as described in the previous section. Let m n−2 be the number of hyperedges present in this core hypergraph C = (X, Y ). The set of hyperedges is denoted by Y = {e 1 , e 2 , e 3 , . . . , e m n−2 }, where e i is the i th hyperedge in the core hypergraph C. Let U = {u 1 , u 2 , u 3 , . . . , u n } and V = {v 1 , v 2 , v 3 , . . . , v n } denote two disjoint set of vertices, each of them disjoint from X, the set of vertices in the core hypergraph C. 
n . Consider one particular ordered set V p . For each 1 ≤ i ≤ n, we call u i ∈ U and v p i ∈ V p to be a matching pair of vertices in the set-ordered set pair (U, V p ). For any K = {a 1 , a 2 , . . . a k } which is a proper subset of {1, 2, . . . , n} such that 1 ≤ a 1 < a 2 . . . < a k ≤ n,
Now we define the construction of the non-2-colorable n-uniform hypergraph H. The vertex set of this hypergraph is X ∪ U ∪ V , and the set of hyperedges is the following:
for every 1 ≤ p ≤ n and every K such that |K| is odd, and 1 ≤ |K| ≤ ⌊n/2⌋. (iv) V p K ∪Ū K for every 1 ≤ p ≤ n and every K such that |K| is even, and 2 ≤ |K| ≤ ⌊n/2⌋.
Note that the number of hyperedges formed in step (i) is (n − 1) · m n−2 . Recall that the step (i) of the construction discussed in Section 2 produces n · m n−2 hyperedges and we decrease this number to (n − 1) · m n−2 .
The step (ii) of this construction produces a single hyperedge, while steps (iii) and (iv) produces a total of
Therefore, we obtain:
The two recurrence relations mentioned above can further be optimized because many of the hyperedges are repeated in the construction above. We observe below that we can improve these recurrence relations through a more careful analysis. Observation 1. Consider the hyperedges formed in the steps (iii) and (iv) of the construction. For any given p satisfying 2 ≤ p ≤ n, all the hyperedges which contain both the vertices u 1 and u p , or both the vertices v 1 and v p are already formed in the steps (iii) and (iv) for p = 1.
The number of hyperedges formed due to the set-ordered set pair (U, V 1 ) is 1+
The number of new hyperedges formed due to set-ordered set pair (U, V p ) for each 2 ≤ p ≤ n, is at most 2· 1 + n−2 1
. This is due to the fact that the number of new hyperedges that contains one of the vertices u 1 and u p and are formed in the step (iii) of the construction is 2 · 1 +
, similarly the number of new hyperedges that contains one of the vertices v 1 and v p and are formed in the step (iv) of the construction is 2 · n−2 1
. Therefore, we obtain:
(n−2)/2 , when n is even.
Let us now prove a Lemma which will be useful to prove that H is not 2-colorable. Proof: Assume for the sake of contradiction that χ is a proper 2-coloring of H. Without the loss of generality, let us assume that there is no matching pair (u i , v p i ) in the set-ordered set pair (U, V p ) such that both u i and v p i are colored by Red. Let U K denote the set of vertices in U which are Red in this coloring, where K ⊆ {1, 2, . . . n} denotes the set of indices of the vertices in the set U K . Note that U K must be a proper subset of U , as U is one of the hyperedges of H. Let us consider the following 2 cases:
If |U K | is even, then consider the hyperedge V 
It can also be noted that any other pair (u i , v i ), i = 1, is combined with every hyperedge in the core hypergraph, and therefore both u i and v i cannot be colored by Red.
• Case 1: If either of u 1 or v 1 is colored with Blue, then there is no pair (u i , v i ) such that u i and v i are both colored by Red. This satisfies the condition of Lemma 1 for the set-ordered set pair (U, V 1 ). Hence, it follows from Lemma 1 that the hypergraph H is monochromatic under χ.
• Case 2: If both u 1 and v 1 are colored with Red and if there does not exist any other pair of vertices (u i , v i ) such that both u i and v i are colored with Blue, then it satisfies the condition of Lemma 1 for the set-ordered set pair (U, V 1 ). Hence, it follows from Lemma 1 that the hypergraph H is monochromatic under χ.
• Case 3: Let us assume that both u 1 and v 1 are colored with Red, and there exists at least one other pair (u i , v i ), i = 1, such that both u i and v i are colored with Blue. Consider the set-ordered set pair (U, V i ). It can be noted that there does not exist any matching pair of vertices (u j , v i j ) in (U, V i ) such that both u j and v i j are colored with Red. Hence, it follows from Lemma 1 that the hypergraph H is monochromatic under χ. ✷ We observe that using this construction, the first improvement is obtained when n = 13. The currently best known bound m(13) ≤ 360751 is obtained from the recurrence relation provided by Abbott and Hanson [1] which is mentioned in Section 2. Using the recurrence relation obtained from this construction, one can observe that m(13) ≤ 357892. The next improvement is obtained when n = 17.
An improvement over the construction in Section 3
For a given n ≥ 3, let us consider an (n − 2)-uniform hypergraph producing the best known upper bound for m(n − 2). Note that this hypergraph is the core hypergraph as described in the previous sections. Let m n−2 be the number of hyperedges present in this core hypergraph C = (X, Y ). The set of hyperedges is denoted by Y = {e 1 , e 2 , e 3 , . . . , e m n−2 }, where e i is the i th hyperedge in the core hypergraph C.
. . , v ′ n−2 } denote two disjoint set of vertices, each of them disjoint from X, the set of vertices in the core hypergraph C. Similarly, let U = {u 1 , u 2 , u 3 , . . . , u n } and V = {v 1 , v 2 , v 3 , . . . , v n } denote two disjoint set of vertices, each of them disjoint from X, U ′ and V ′ . For each 1 ≤ i ≤ n, we call u i and v i to be a pair of matching vertices. Similarly, for each 1 ≤ i ≤ n−2, we call u ′ i and v ′ i to be a pair of matching vertices. For any K = {a 1 , a 2 , . . . a k } which is a proper subset of {1, 2, . . . , n} such that 1 ≤ a 1 < a 2 . . . < a k ≤ n, we denote
Let us now define the construction of the non-2-colorable n-uniform hypergraph H. The vertex set of this hypergraph is X ∪U ∪V ∪U ′ ∪V ′ , and the following hyperedges are present in H:
(iv) V ′ Q ∪Ū ′ Q ∪ {u i } ∪ {v i } for every Q and i such that |Q| is even, 2 ≤ |Q| ≤ ⌊(n − 2)/2⌋ and 1 ≤ i ≤ n.
(v) U (vi) U K ∪V K for every K such that |K| is odd, and 1 ≤ |K| ≤ ⌊n/2⌋. (vii) V K ∪Ū K for every K such that |K| is even, and 2 ≤ |K| ≤ ⌊n/2⌋.
Note that the Steps (v), (vi) and (vii) in this construction are the same as the Steps (ii), (iii) and (iv) of the construction of Abbott and Hanson [1] which is defined in Section 2. The number of hyperedges formed in Step (i) is (n − 2) · m n−2 . A total of n· 1 + n−2 1
hyperedges are formed in Steps (ii), (iii) and (iv).
The number of hyperedges formed in Steps (v), (vi) and (vii) is 1 +
The following Lemma proves that H is not 2-colorable.
Lemma 3. The construction defined above produces an n-uniform hypergraph H, which has a monochromatic hyperedge under any given Red-Blue coloring of its vertices.
Proof: Assume for the sake of contradiction that χ is a proper 2-coloring of H. Without the loss of generality, let us assume that the non-2-colorable core hypergraph C is monochromatic in Red under this coloring χ. Note that none of the matching pair of vertices u ′ i and v ′ i , 1 ≤ i ≤ (n − 2), can have both their colors as Red as it causes a contradiction to our assumption due to Step (i) of the construction. Therefore, it follows from the p = 1 case of Lemma 1 that at least one of the (n − 2)-uniform sets formed in the Steps (ii), (iii) and (iv) (after excluding the vertices u i and v i , 1 ≤ i ≤ n) of the construction must be monochromatic under the given coloring χ. Without the loss of generality, let us assume that it is monochromatic in Blue. Then, none of the matching pair of vertices u i and v i , 1 ≤ i ≤ n, can have both their colors as Blue in χ as it causes a contradiction to our assumption. Then, it follows from the p = 1 case of Lemma 1 that all the hyperedges formed in Steps (v), (vi) and (vii) cannot be non-monochromatic under the above condition imposed on χ. This contradicts the assumption that χ is a proper 2-coloring of H. ✷
A construction that improves the upper bound for m(8)
Let A = (V 1 , E 1 ) be a non-2-colorable 5-uniform hypergraph that produces the best known upper bound for m (5) . Let E 1 = {e A 1 , e A 2 , e A 3 , . . . , e A m(5) }. Let B = (V 2 , E 2 ) be a Fano plane [7] such that the set of hyperedges is E 2 = {e B 1 , e B 2 , e B 3 , . . . , e B m(3) }. Let C = (V 3 , E 3 ) be another Fano plane [7] such that the set of hyperedges is E 3 = {e C 1 , e C 2 , e C 3 , . . . , e C m(3) }. Let U = {u 1 , u 2 , u 3 , . . . , u 8 } and V = {v 1 , v 2 , v 3 , . . . , v 8 } denote two disjoint set of vertices, each of them disjoint from V 1 , V 2 and V 3 . For each 1 ≤ i ≤ 8, we call u i and v i to be a pair of matching vertices. For any K = {a 1 , a 2 , . . . a k } which is a proper subset of {1, 2, . . . , 8} such that 1 ≤ a 1 < a 2 . . . < a k ≤ 8, we denote U K = {u a 1 , u a 2 , . . . , u a k } and
Let us now define the construction of the non-2-colorable 8-uniform hypergraph H. The vertex set of this hypergraph is U ∪ V ∪ V 1 ∪ V 2 ∪ V 3 , and the following hyperedges are present in H: Lemma 4. The construction defined above produces an 8-uniform hypergraph H, which has a monochromatic hyperedge under any given Red-Blue coloring of its vertices. Proof: Assume for the sake of contradiction that χ is a proper 2-coloring of H. Without the loss of generality, let us assume that the non-2-colorable 5-uniform hypergraph A is monochromatic in Red under this coloring χ and let e A j ∈ E 1 be the hyperedge that is monochromatic in Red. It can be noted from Step (i) of the construction that the non-2-colorable 3-uniform hypergraph B must contains a hyperedge e B l ∈ E 2 which is monochromatic in Blue. Similarly, it can be seen from Step (ii) of the construction that the non-2-colorable 3-uniform hypergraph C contains a hyperedge e C l ′ ∈ E 3 which is monochromatic in Blue. Since both the hyperedges e B l and e C l ′ are Blue, it follows from Step (iii) that any of the matching pair of vertices u i and v i , u i ∈ U , v i ∈ V , 1 ≤ i ≤ 8, cannot have both their colors as Blue in χ. It follows from the p = 1 case of Lemma 1 that all the hyperedges formed in the Steps (iv), (v) and (vi) cannot be non-monochromatic under the above condition imposed on χ. This contradicts the assumption that χ is a proper 2-coloring of H. ✷
In Table 2 , we show the improved upper bound on m(n) for small values of n. Comparing the Tables 1 and 2 , one can observe that the first few improvements are obtained when n = 8, 11, 13 and 17.
Conclusion
Although the constructions given in this paper provide a better upper bound on m(n) for small values of n, it gives a weak upper bound for a general n. Moreover, when n < 8, the upper bounds on m(n) provided by our constructions do not improve the upper bounds provided by the previously known constructions. The first interesting open problem is to improve the upper bound on m(5) or to prove that m(5) = 51.
